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Problems similar to Example 2 were
solved in Section 12.8 using ordinary
optimization techniques. These methods
may or may not be easier to apply than
Lagrange multipliers.

Find the points
0 on the cone

for which |[PQ|
is a minimum.

FIGURE 12.100

With three independent variables, itis
possible to impose two constraints.
These problems are explored in
Exercises 53-57.

|QUICK CHECK 3 |In Example 2, is there
a point that maximizes the distance
between (3, 4, 0) and the cone? If the
point (3, 4, 0) were replaced by
(3, 4, 1), how many minimizing
solutions would there be? -
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m Find the least distance between the point

EXAMPLE 2 A geometry proble
2 = o2 oyl

P(3,4,0) and the surface of the cone z

SOLUTION Figure 12.100 shows both sheets of the cone and the point P(3, 4, 0). Be-

cause P is in the xy-plane, we anticipate two so
The distance between P and any point O(x, y, z) on the cone is

dnyt) = V-T2

In many distance problems it
dealing with square roots. This maneuver is allowable because i

(d(x,, z))%, it also minimizes d(x, y, z). Therefore, we define
Fooy2) = ([dxy, 2 = (=37 + 0~ 4 + 2

f a point minimizes

The constraint is the condition that the point (x,
2=+ yhorgxya) =2~ 2—y=0
Now we proceed with Lagrange multipliers; the conditions are

£, ¥, 2) = Ag(x, s g, ori2(m 3] = A—2x), or x(1 +A) =3
fy(xﬂ Vs Z) = Agy(x= ¥,2), or 2()’ - 4)= A(dZy)a or y(1 + A) s
Fx,y,2) = Ag{x, ,2), or 22 = M2z), or z = Az

glx,y,2) =28 — x2 =y =0.

The solutions of equation (6) (the si

A = 1and z # 0. In the first case, ifz =
x = 0and y = 0 donot satisfy (4) and (5). Sono solution results from this case.

On the other hand if A = 1, then by (4) and (5), we find that x = Zandy = 2.
Using (7), the corresponding values of z are j:%.
values of f are

=3 = =i ih f(2.2,5) = 2
x=3 y=2 =3 with £(3,2.3) = 5
e} ymn am wnsBe)-¥

You can check that moving away from (2,
effect of increasing the values of f. Therefore,
the distance function. Do these points also correspon
of this problem is unbounded; however, one can
function increases without bound moving away from (%, 2 :J:%)
correspond to absolute minimum values and the points on the cone nearest t0

5
Related Exercis

3 5 T -
(5, 2. :I:fi), at a distance of . } AR

Economic Models In the opening of this section, we briefly describe

tions are used to model consumer beh
admittedly simple—utility functions and the constraints that are imposed u

As described earlier, a prototype model for consumer behavior uses tWo i
variables: leisure time € and consumable goods g. A utility function U = f(&

ures consumer preferences for various combinations of leisure time and cO

U=50
i goods. The following assumptions about utility functions are commonly made:
=30 1. Utility increases if any variable increases (essentially, more is better).
U=20 2 Various combinations of leisure time and consumable goods have the same utili
U=10 giving up some leisure time for additional consumable goods results in the §

I I 1 | | | I e

1 T T T T T 1 o0

] Y% The level curves of a typical utility function are shown in Figure 12.101. AS8

& level curves increase as €l

is reflected by the fact that the utility values on th

lutions, one for each sheet of the cone.

is easier to work with the square of the distance to avoid

Therefore, the two solutions and the

3 2 :I:%) in any direction on the cone has the
the points correspond to local minima of
d to absolute minima? The domain.
argue geometrically that the distance
_Therefore, these points
(3,4, 0)

avior. We now look in more detail at some Spe
pon them.

ndep

y, z) must lie on the cone, which implies

@)

6

(6)
0

mplest of the four equations) are either z = 0, or
0, then by equation (7), x = ¥ = 0; however,

1QUICK CHECK 4] In Figure 12,102, ex-

- optimal point alon i
Qi piimal g the constraint [j
1 lhe utility decreases. o
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C S 1nati
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ln(:IeaSeS onsiste wﬂh Ssu QO Single leve curve S[[HWS ]h ]
I cu

indifference ¢ -
urves. N . 4
iy Notice that if € increases, then g must d
€ same utility, and vice versa ecrease on a level cyrye

Ec i
onomic models assert that consumers ma

here, subject
to constraint.

KU

Utility maiﬁﬁ%ﬂ

=50 leisure time and co ximize utilit i
n subje .
e e ek i ins?;?:ubrl:tgood‘s. One assumption that leadsy to ajl'eztsct)z:l;mtralmsf
=40 ime implies a li i € constraj
ore, the constraj 3 : 'P a linear decrease in con ra
U=30 straint is superirlrll;(;[;z \Z{e is a line with negative slope (Figure 12 ls(;g;la\t;;i 8oods. Ther
1 V2o Problem becomes evidemog the levlel curves of the utility function' theerl SlfCh aco
: = - Among all points e ’ Optimizatic
—t U=10 utility? A solution i ; on the constraint lin i '
f f Pl 1s marked in the fi ; y : e, which one maxim;i
1 '\ U (between 2.5 and 3.0) e figure; at this point the utility has a maxim;};:ml?
4 vali

Constraint curve

the utility function U = f(¢ g) = =
£t 8) 1/3,2/3 1
: 1 otd af’ 8", subject to the constraint G(¢, g)

~2/352 =
Vi, g) = <£—g/i2_€l/33_1/3> e i< g\ e\
)8 6))

The gradient of
the constraint function i
nc
must be solved are tion is VG

1(5)2/:3,\ 2( €\
3\¢ © 3 E) =124,

Eliminatin
g A from the first two equations leads to the condition g

(€, g) = (3,2). Therefore, the equations tha

G(t,g) =3¢ +2¢ — 12 = 0.

4 = 3'89 WhiCh, when
zand g = 4. The actual

1 tllity unction at t]l‘S o1nt = fl3,4) = 4 ~ [ [0] O
va l.lﬂ. of the u fi 1 1 int i
consistent with I igule IQ‘IHZ_ p sy (3’ ) /\/3_ =~ 2.8. hlS soluti nis

plain why, if you m substi i
o LIS stituted into the constraint equation, gives the solution ¢
3 n =

Related Exercises 27-30 <

Explain wh :
Y, at a point that maximi page =
p hat maximizes or minimizes f subject to fAx,y)=x+ 2y subject to x> + ¥ =4

dconstraint g(x, y) = :
»¥) = 0, the gradient d
ent of g. Use a diagram, of f is parallel to the gradi- Fx,7) = xy? subject to x? + 17 = |
BNIE£(x, y) = 2
=y) = x° + yz and _
n gx,¥)=2x+3y—4= ;
Srange multiplier conditions that must beiaﬁsged b(;/, : rite tthe
poin

lhat . . . .
Maximizes or minimizes f subject to glx,y) =0

5.

6.

7. f(x,y) = e subject to x* + y3 = 16
8. flxy) = 2 + y* subject to x° + 6 = |
9.

LIy -2 f(6,y) = 5% = 42 subject to x?
5 ix;y’:%ﬁ X4y + 2and g(x,y,z) = 2x + 3y — 10 P,
be s [; ;v:}t; itrl:ftlgagrange multiplier conditions fhat must ey o
; $ at . . = . . - &=
e ety maximizes or minimizes f subject t 5816. Lagrange multipliers in three or more variables {/;
| range multipliers to find the maxi 5
aximum and minimum values of

Sketch
several level cur [ (when they exist 7 ;
ves of f(x, y) = x* + »? and sketch the ) subject to the given constraint.

nStraiI] .

tline =

e g(x, ) = 2x + 3y — 4 =

tremy y — 4 = 0. Descri

,‘. (if any) that f attains on the constraint Iin‘:*,smbe S
€ Skills

AAfrange s 1e s

ind }fa;l’::ltiphe;s in two variables Use Lagrange multipli
4 m and minimuy i
10 the gjyey, constraint. TRkEhenghy (e ey

1. f(x,y,2) = x + 3y — zsubjecttox® + y2 + ;2 = 4
12. f(x,y,2) = xyz subject to x? + 2y + 472 = ¢

13. flx,y,2) = 0y subject to x? + y2 + 272 = 25

4. flx,y,2) =22+ y2 + 22 subjectto z = 1 + 2xy
15, fx,y,2) =22+ 2 + 22 subject to xyz = 4
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- . =0,
16. f(x,y,2) = (xyz)/? subjecttox +y + 2z = 1 with x
y=0,z=0

ipli " ltipli-
17-26. Applications of Lagrange multlpller's Use Lagtf’ 6'”5;;"; ’ C{}
e .the following problems. When the domain of the :; j,fabmlwe
fiI:r: ’ils unbounded or open, explain why you have found an ab:
maximum or minimum value.

i i t the sum
17. Shipping regulations A shipping company requires tha

8 in. g
f length plus girth of rectangular boxes r.nust not fxczegl ;?meets i
(l;'nd the dimensions of the box with maximum vo urlr; oy
tliis condition. (The girth is the perimeter of the smalle

the box.)

i - bo
18. Box with minimum surface area Find the rectangular
" volume of 16 ft* that has minimum surface area.

x with a

i i ini d maxi-
-19. Extreme distances to an ellipse Fmgl the mmm;u;n =am1 g
o mum distances between the ellipse x™ + xy + 2y

e i dimensions of
imum area rectangle in an ellipse Find the dim -
e l\lg[axm::n le of maximum area with sides para121e1 to thze (io i
;;J:{es fhat can be inscribed in the ellipse 4x* + 16y° = 16.

i i i ions
Maximum perimeter rectangle in an ell.lpse‘Fmd thelii:;'rtl:’;rﬁ1 28
= of the rectangle of maximum perimeter with sides paralle

i i 2 ? = 36.
ordinate axes that can be inscribed in the ellipse 4x* + 9y

22. Minimum distance to a plane Find the pqint on th<5: pll;me
. 2x + 3y + 6z — 10 = 0 closest to the point (—2,5,1).

i i ace
Minimum distance to a surface Find the point on the surf

o X% — 2xy + 2y — x + y = Oclosest to the point (1, 2, =3).

; : .
24. Minimum distance to a cone Find the points on the con
. 22 = x> + y* closest to the point (1,2, 0).

i ini aximum
25. Extreme distances to a sphere Fmdzthe H;ITH;U;; (?l:gen; o
. distances between the sphere ghigs gk gfie
(2,3,4). | | .
26. Maximum volume cylinder in a sphere Find the dl]Zneir:]SSl:;;:, -
. right circular cylinder of maximum volume that can be
i ius 16.
in a sphere of radius |
i with
27-30. Maximizing utility functions Find the vf:l_ues of {?lan;i i e
; ().and g = 0 that maximize the following u-u'lny func;wn 3
f ;he given constraints. Give the value of the utility function a
0

optimal point. &
= 10¢2g"% subject to 3{ + 6g =
. U= f(t,g) = 106"g
27 bl 15

40

28. U = f(£, g) = 32£g'" subject to 4¢ + 2g

Il

29. U = f(€, g) = 8¢*°g"" subject to 10¢ + 8g
30. U = f(£, g) = €/5g%° subject to 4¢ + 5g = 20

er Explorations . .
.E:;]rtgxplainpwhy or why not Determine wh.ether the follo:(zl Iiple,
. statements are true and give an explanation or counter

ing at a
Suppose you are standing at the center of a.sphere ‘lol-?gk::;%? :
X po})nt P on the surface of the sphere. Your line 0; sig
orthogonal to the plane tangent to the sphere at P.

; = dot
b. At a point that maximizes fon the curve g(x,y) = 0, the
product Vf + Vg is zero.

i ] nge
32-37. Solve the following problems from Section 12.8 using Lagrang
multipliers. sl

32. Exercise 29 33. Exercise 30

! e 57
35. Exercise 32 36. Exercise 56 37. Exercise

ini ] solute
8-41. Absolute maximum and minimum values Find the ai;he
; [ i er
- imum and minimum values of the following functtc?ns :;Zme e
g 1 regions R. Use Lagrange multipliers to check for ex
giver . U

on the boundary. 2 2
8. fx) =+ 47+ LR = (oh 47 S 1]

39. f(x,y) =%~ 4y? + xy; R = {(x,y) 4x* + ? 5236}
40. f(x,y) =222+ P2x —=3IRR= {(x, y): x2 + y2 = ;}
at, flry) = (x = 1P+ @+ 0% R={(xy):+y =4}

i i how
42-43. Graphical Lagrange multipliers The follm;amg (j)‘igg:;e; i o
; i 2 = 0. Esti
he constraint curve g(x,y .
level curves of f and : Bt
::inmum and minimum values of f su.bje.ct to the Zgnst;lc; i
oint where an extreme value occurs, indicate the direc
p

a possible direction of Vg.

42, Y

—

C gl =0

\\

=)

43. 2

)

=Y

y

3

g(x’ }:) =0

\\

2

44. Extreme points on flattened szpheres.'l-"he ieﬂcggzzl:j o
X+ M+ 722" = |, where nis a pos:twfams ey o
a flattened sphere. Define the extreme po:j e
on the flattened sphere with a maximum di
origin. ol
a. Find all the extreme points on the flattened tsrgl:ne i
1 = 2. What is the distance between the X

the origin?

%7

%

o g
X

- w

b. Find all the extreme points on the flattened s

n > 2. What is the distance between the ex

treme points and
the origin?

¢. Give the location of the extreme points in the limit as n — oo,

What is the limiting distance between th

¢ extreme points and
the origin as n — co?

Applications
45-47. Production functions Economists model the output of manu-
Jfacturing systems using production Junctions that have many of the

same properties as utility functions. The Jamily of Cobb-Douglas pro-
duction functions has the form P = F(K, L) = CKL'" where K

represents capital, L represents labor; and C and a are positive real
numbers with 0 < a < 1. If the cost of capital is p dollars per unit,
the cost of labor is q dollars per unit, and the total available budget is

B, then the constraint takes the Jorm pK + gL = B. Find the values of

K and L that maximize the Jollowing production functions subject to
the given constraint, assuming K = 0 and [, = 0.

5. P = f(K,L) = KL for 20K + 30L = 300
46. P = f(K, L) = 10K"2L2 for 30K + 60L = 360

47. Given the production function P = f(K, L) = K“L'"* and the
budget constraint pK + qL = B, where q, p,

g4, and B are given,
show that P is maximized when K

=aB/pand L = (1 — a)B/q.
48. Least squares approximation Find the coefficients in the equa-
tion of the plane z = ax + by + ¢ that minimize the sum of the

squares of the vertical distances between the plane and the points
(1,2,3),(-2,3,1), (3,0, —4), and (0, -2, 6).

Additional Exercises
49-51. Maximizing a sum

49. Find the maximum value of Y+ xy + x5+ xy subject to the
condition that x;* + x,2 + x,% + x,2 = 6.

Generalize Exercise 49 and find the maximum value of
%1+ x; + - + x, subject to the condition that

B+ 0% + -+ 2.2 =  fora real number ¢ and a positive
integer n.

Generalize Exercise 49 and find the maximum value of
GX +apxy e+ oapr, subject to the condition that

%2 + P SR #:* = Tor given positive real numbers
;... a, and a positive integer .

Geometric and arithmetic means Prove that the geometric mean
of a set of positive numbers (21X x,)"" is no greater than the

arithmetic mean (x; + -+ + x,)/n in the following cases.
- 2 Find the maximum value of xyz, subject to x + y + 7 = k,

Where £ is a real number and x > 0,y > 0,and z > 0. Use
the result to prove that

(xyz)? = ﬂg_J“E

phere for integers
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b. Generalize part (a) and show that

X + ...
n

5y

n

(xlxz e xu)l/ﬂ =

53. Problems with two constraints Given a diffe
w = f(x,y,z), the goal is to find its maxim
values subject to the constraints g(x, y, z)
where g and # are also differentiable,

a. Imagine a level surface of the function J and the constraint
surfaces g(x, y, z) = 0 and h(x, y, z) = 0. Note that g and
intersect (in general) in a curve C on which maximum and
minimum values of f must be found. Explain why Vg and v/,
are orthogonal to their respective surfaces,

- Explain why V lies in the plane formed by Vgand Vhata
point of C where f has a maximum or minimum value,

- Explain why part (b) implies that Vf = AVg + uVhata
point of C where f has a maximum or minimum value, where
A and p (the Lagrange multipliers) are real numbers,

. Conclude from part (c) that the equations that must be solved
for maximum or minimum values of S subject to two
constraints are Vf = AVg + uVp, g(x,y,z) =0,and
h(x,y,2) = 0.

rentiable function
um and minimum
= 0and h(x, y, z) =

54-57. Two-constraint problems Use the result of Exercise 53 to
solve the following problems.

54. The planes x + 2z = 12and x + y = 6 intersect in a line L.
Find the point on L nearest the origin.

55. Find the maximum and minimum values of

X, ¥, 7) = xyz sub-
ject to the conditions that x* + y?

=dandx + y+ 7 =],
56. The paraboloid z = x2 + 2y* + | and the planex — y + 2z = 4

intersect in a curve C. Find the points on C that have minimum
and maximum distance from the origin,

57. Find the maximum and minimum values of f(x, y, z) =

** + y* + 7% on the intersection between the cone z? = 4x? + 4,2
and the plane 2x + 4z = 5,

QUICK CHECK ANSWERS

L. Let d(x, y) be the distance between any point P(x, y) on
the fence and home plate 0. The key fact is that Vd always
points along the line OP. As P moves along the fence (the
constraint curve), d(x, y) increases until a point is reached
at which Vd is orthogonal to the fence. At this point, d has a
maximum value. 3. The distance between (3,4, 0) and the
cone can be arbitrarily large, so there is no maximizing solu-
tion. If the point of interest is not in the Xy-plane, there is
one minimizing solution. 4. If you move along the
constraint line away from the optimal solution in either

direction, you cross level curves of the utility function with
decreasing values.



